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Abstract
The hyperspaces of closed and of compact subsets of an ultrametric space endowed
with the Hausdorﬀ metric are studied. Both give rise to a functor on the category of
ultrametric spaces and nonexpansive functions. It is shown that the former functor
does not have a terminal coalgebra and that the latter does.
Introduction
It is well-known that the behaviour of many systems can be described by
coalgebras. Numerous examples can be found in, e.g., [10, Section 3]. Among
the coalgebras of a particular functor, the terminal one (if it exists) plays a
special role. It provides us with deﬁnitions and proofs by coinduction (see,
e.g., [10, Section 11 and 12]).
Ultrametric spaces have been used to model the behaviour of a large va-
riety of systems. A number of examples can be found in, e.g., [2]. Given an
ultrametric space X, the set Pc (X) of closed subsets of X and the set Pk (X)
of compact subsets of X, both endowed with the Hausdorﬀ metric, are two
examples of hyperspaces: spaces of subsets. These hyperspaces are suited for
modelling nondeterministic systems. Both Pc and Pk can be extended to
functors on the category of ultrametric spaces and nonexpansive functions.
1 Supported by the Natural Sciences and Engineering Research Council of Canada.
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In this note, we address the question whether these functors have a terminal
coalgebra.
In [11, Theorem 4.5], Rutten and Turi considered the category of com-
plete metric spaces and nonexpansive functions. They showed that locally
contractive functors have a terminal coalgebra. Rutten studied the category
of complete quasi ultrametric spaces and functions, which are nonexpansive
and continuous, in [9, Theorem 10.3]. He proved that functors, which are
locally nonexpansive and locally continuous, have a terminal coalgebra. The
extensions of Pk and Pc to functors are locally nonexpansive but not locally
contractive (see, e.g., [11, Example 4.3] and [1, Section 5]). The question
which locally nonexpansive functors on the category of complete metric spaces
and nonexpansive functions have a terminal coalgebra was already posed by
Thayer [12].
In this note, we consider the category of ultrametric spaces and nonex-
pansive functions. We show that the functor Pc does not have a terminal
coalgebra and that the functor Pk does. The former is based on a cardinality
argument for -discrete sets. The proof of the latter contains the following
three main ingredients: an adjunction from the category of ultrametric spaces
to the category of sets, a result of Hermida and Jacobs about adjunctions
between categories of coalgebras, and a result of Barr about the existence of
terminal coalgebras in the category of sets.
We assume that the reader is familiar with coalgebras and categories. For
more details we refer the reader to, e.g., [6,8]. Appendix A provides a brief
introduction to ultrametric spaces.
1 An adjunction from ultrametric spaces to sets
We present an adjunction from the category UMet of ultrametric spaces 2 and
nonexpansive functions to the category Set . This adjunction will be exploited
in the next section.
By endowing a set S with the discrete metric we obtain an ultrametric
space. This space is denoted by D (S). Each function f : S → T is a non-
expansive function from D (S) to D (T ). Obviously, this deﬁnes a functor D
from Set to UMet .
For an ultrametric space X, a set S such that D (S) “best approximates”
X can be deﬁned by means of the equivalence relation introduced in
Deﬁnition 1.1 Let X be an ultrametric space. The equivalence relation ∼
on (the set underlying) X is deﬁned by
x ∼ y if dX (x, y)< 1.
2 In this note, all ultrametric spaces are assumed to be 1-bounded, i.e. the ultrametric is
bounded by 1 (cf. Deﬁnition A.1). The 1-boundedness is essential in the proof of Proposi-
tion 1.4.
2
Van Breugel and Watson
Proposition 1.2 Let X and Y be ultrametric spaces. Let f : X → Y be a
nonexpansive function. If x ∼ y then f (x) ∼ f (y).
Proof. This follows immediately from the nonexpansiveness of f . ✷
Proposition 1.3 Let X be a ultrametric space. Let Y be endowed with the
discrete metric. Let f : X → Y be a nonexpansive function. If x ∼ y then
f (x) = f (y).
Proof. Similar to the proof of Proposition 1.2 exploiting the discreteness
of Y . ✷
The functor Q assigns to each ultrametric space X the set Q (X) of ∼-
equivalence classes. The ∼-equivalence class containing x ∈ X is denoted
by qX (x). The functor Q maps a nonexpansive function f : X → Y to the
function Q (f) : Q (X)→ Q (Y ) deﬁned by
Q (f) (qX (x)) = qY (f (x))
(cf. Proposition 1.2). Clearly, Q is a functor from UMet to Set .
Proposition 1.4 Q is a left adjoint for D.
Proof. Let X be an ultrametric space. From the deﬁnition of ∼ and the fact
that X is 1-bounded it follows that qX : X → D (Q (X)) is nonexpansive. For
an ultrametric space Y and a nonexpansive function f : X → Y we have that
qY ◦ f = D (Q (f)) ◦ qX , i.e. q is a natural transformation.
X
qX 
f

D (Q (X))
D (Q (f))

Y qY
D (Q (Y ))
Hence, according to, e.g., [8, Theorem IV.1.2(i)], it suﬃces to observe that for
all ultrametric spaces X and sets S and nonexpansive functions f : X → D (S)
there exists a unique function g : Q (X)→ S deﬁned by
g (qX (x)) = f (x)
(cf. Proposition 1.3) such that D (g) ◦ qX = f .
X
qX 
f




 D (Q (X))
D (g)

D (S)
Q (X)
g

S
✷
A similar adjunction exists for the category of metric spaces and nonexpansive
functions. In that case, the equivalence relation is deﬁned as the smallest
equivalence relation containing ∼.
One can easily verify that the forgetful functor U from UMet to Set is a
right adjoint for D.
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2 Hyperspace of compact sets
The functor Pk assigns to each ultrametric space X the set of compact subsets
ofX endowed with the Hausdorﬀ metric. A nonexpansive function f : X → Y
is mapped to the nonexpansive function Pk (f) : Pk (X)→ Pk (Y ) deﬁned by
Pk (f)(A) = { f (a) | a ∈ A }.
This functor has a terminal coalgebra as is shown in
Proposition 2.1 There exists a terminal Pk-coalgebra.
Proof. Let Pf denote the ﬁnite powerset functor on Set . Since D ◦ Pf is
isomorphic to Pk ◦ D, we can conclude from Proposition 1.4 and [5, Corol-
lary 2.15] that there exists an adjunction from the category of Pk-coalgebras
to the category of Pf -coalgebras.
Set Pf 
D

Set
D
UMet Pk 
Q 

UMet
Q

According to [3, Theorem 1.2], there exists a terminal Pf -coalgebra. Since
right adjoints preserve terminal objects (see, e.g., [8, Theorem V.5.1]), there
also exists a terminal Pk-coalgebra. ✷
Evidently, the above result can be generalized as follows. Let S : Set → Set
and M : UMet → UMet be functors such that D ◦S is isomorphic toM◦D.
If there exists a terminal S-coalgebra then there also exists a terminal M-
coalgebra. Dually, if S ◦ U is isomorphic to U ◦M and there exists an initial
S-algebra, then there also exists an initial M-algebra.
In the same way, we can prove similar results for metric spaces.
3 -Discrete sets
We deﬁne -discrete subsets of an ultrametric space. These subsets play a
crucial role in the next section.
Deﬁnition 3.1 Let X be an ultrametric space. Let  ∈ (0, 1]. A subset A of
X is -discrete if for all x, y ∈ A,
dX (x, y) = 0 or dX (x, y) ≥ .
First of all, we show that every ultrametric space contains a largest -discrete
subset.
Proposition 3.2 Let X be an ultrametric space. Let  ∈ (0, 1]. There exists
a largest (with respect to cardinality) -discrete subset of X.
Proof. According to Zorn’s Lemma, there exists a maximal (with respect
to inclusion) -discrete subset A of X. Next, we show that every -discrete
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subset B of X has no greater cardinality than A. Since A is a maximal -
discrete subset of X, for all b ∈ B there exists an a ∈ A such that dX (b, a) ≤ .
Hence, there exists a function f : B → A such that dX (b, f (b)) ≤  for all
b ∈ B. This function is one-to-one.
b1
≥
≤



 b2
≤




f (b1)
≥
f (b2)
Consequently, B has no greater cardinality than A. ✷
The above proposition does not hold for metric spaces. The details are beyond
the scope of this note.
Secondly, we look at -discrete subsets of the set Pc (X) of closed subsets
of an ultrametric space X endowed with the Hausdorﬀ metric.
Proposition 3.3 Let X be an ultrametric space. Let  ∈ (0, 1]. If A is an
-discrete subset of X then P (A) is an -discrete subset of Pc (X).
Proof. Since A is an -discrete subset ofX, every subset of A does not contain
any nontrivial converging sequences and hence is closed. Let B and C be
subsets of A. If B = C then dPc (X) (B,C) = 0. Otherwise, without loss of
generality we can assume that there exists an x ∈ A such that x ∈ B and
x ∈ C. Because A is an -discrete subset of X, dX (x, y) ≥  for all y ∈ C and
hence dPc (X) (B,C) ≥ . ✷
4 Hyperspace of closed sets
The functor Pc maps each ultrametric space X to the set of closed subsets of
X endowed with the Hausdorﬀ metric. A nonexpansive function f : X → Y
is assigned to the nonexpansive function Pc (f) : Pc (X)→ Pc (Y ) deﬁned by
Pc (f)(A) = the smallest closed set containing { f (a) | a ∈ A }.
This functor does not have a terminal coalgebra.
Proposition 4.1 There does not exist a terminal Pc-coalgebra.
Proof. Towards a contradiction, assume that X is the carrier of a termi-
nal Pc-coalgebra. Then X is isomorphic to Pc (X) according to, e.g., [6,
Lemma 6.4(ii)]. To prove that there does not exist an X which is isomorphic,
i.e. isometric, to Pc (X), we compare the cardinality of -discrete subsets of
X and Pc (X). Let D (X) be a largest -discrete subset of X (cf. Proposi-
tion 3.2). Clearly, ifX and Pc (X) were isometric then D (X) andD (Pc (X))
would have the same cardinality. According to Cantor’s theorem, P (D (X))
is larger than D (X). By Proposition 3.3, the cardinality of D (Pc (X)) is
greater than or equal to the cardinality of P (D (X)), which leads to a con-
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tradiction:
D (X) ≺ P (D (X))  D (Pc (X)) ≈ D (X).
✷
The above proof is based on [12] in which Thayer sketched that there does
not exist an ultrametric space X being isometric to Pc (X).
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A Ultrametric spaces
We present a brief introduction to ultrametric spaces. For more details we
refer the reader to, e.g., [4].
Deﬁnition A.1 An ultrametric space is a pair 〈X, dX〉 consisting of
• a set X and
• a function dX : X ×X → [0, 1], called ultrametric, satisfying
(i) for all x, y ∈ X, dX (x, y) = 0 if and only if x = y,
(ii) for all x, y ∈ X, dX (x, y) = dX (y, x), and
(iii) for all x, y, z ∈ X, dX (x, z) ≤ max{dX (x, y), dX (y, z)}.
To simplify notations, we write X instead of 〈X, dX〉 and denote the ultra-
metric of an ultrametric space X by dX . An example of an ultrametric is
presented in
Example A.2 Let S be a set. The discrete metric dS : S × S → [0, 1] is
deﬁned by
dS (s1, s2) =


0 if s1 = s2
1 otherwise.
Ultrametric spaces are the objects of the category UMet . The arrows of this
category are nonexpansive functions.
Deﬁnition A.3 Let X and Y be ultrametric spaces. A function f : X → Y
is nonexpansive if for all x1, x2 ∈ X,
dY (f (x1), f (x2)) ≤ dX (x1, x2).
Example A.4
• Let S and T be sets endowed with the discrete metric. Every function
f : S → T is nonexpansive.
• Let X be an ultrametric space. The identity function on X is nonexpansive.
• If the functions f : X → Y and g : Y → Z are nonexpansive then the
function g ◦ f : X → Z is nonexpansive.
In the category UMet , isomorphisms are isometries.
Deﬁnition A.5 Ultrametric spaces X and Y are isometric if there exists a
function f : X → Y which is onto and satisﬁes for all x1, x2 ∈ X,
dY (f (x1), f (x2)) = dX (x1, x2).
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Obviously, the function f is one-to-one.
We conclude this appendix with supplying the set P (X) of subsets of an
ultrametric space X with an ultrametric structure.
Deﬁnition A.6 Let X be an ultrametric space. The Hausdorﬀ metric
dP (X) : P (X)× P (X)→ [0, 1]
is deﬁned by
dP (X) (A,B) = max { sup
a∈A
inf
b∈B
dX (a, b), sup
b∈B
inf
a∈A
dX (b, a) }.
The above introduced Hausdorﬀ metric satisﬁes the conditions (ii) and (iii) of
Deﬁnition A.1 but it does not satisfy condition (i).
Example A.7 Let S be a set endowed with the discrete metric. Then the
Hausdorﬀ metric on P (S) coincides with the discrete metric.
To obtain an ultrametric space, we do not consider all subsets but only the
compact or closed ones. To deﬁne compactness and closedness we ﬁrst intro-
duce convergence in
Deﬁnition A.8 Let X be an ultrametric space. A sequence (xn)n in X is
convergent if
∀ > 0 : ∃N ∈  : ∀n ≥ N : dX (xn, x) ≤ 
for some x ∈ X.
One can easily verify that a sequence converges to at most one element x.
This element (if it exists) is the limit of the sequence.
Deﬁnition A.9 Let X be an ultrametric space.
• A subset A of X is compact if every sequence in A has a converging subse-
quence.
• A subset A of X is closed if the limit of every converging sequence in A is
an element of A.
Example A.10
• Every ﬁnite subset of an ultrametric space is compact.
• Every compact subset of a set endowed with the discrete metric is ﬁnite.
• Every subset of a set endowed with the discrete metric is closed.
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